The present paper discusses the use of two information-theoretical quantities-namely, the classical and quantum Fisher information-in the context of molecular magnetism. These functions quantify the suitability of a given observable to the estimation of a physical parameter and provide the highest precision allowed by quantum mechanics in such an estimation process. The quantum Fisher information also quantifies the degree of macroscopicity of a quantum state. As illustrative examples of such applications, we compute the classical and quantum Fisher information of the Fe 4 molecular nanomagnet, used as a probe of an applied magnetic field or as a platform for generating Schrödinger cat states.
Introduction
Molecular nanomagnets represent a wide class of quantum systems whose physical properties can be largely engineered by chemical synthesis [1] . This makes them potentially interesting for applications in quantum-information processing [2] and other areas of quantum technologies. In fact, a number of proposals address the possible use of molecular nanomagnets as building blocks of a quantum computer [3] [4] [5] [6] . On the other hand, the development of quantum-information processing has led to the introduction of theoretical tools that can be fruitfully applied to the investigation of molecular spin clusters. This applies in particular to the investigation of nonclassical effects, such as entanglement [7] .
Here we discuss the use of the classical and quantum Fisher information [8, 9] in the context of molecular magnetsim. We focus on the use of these quantities for two different kinds of purposes; namely, the precise estimation of a physical parameter and the quantitative characterization of Schrödinger cat states. Let us start from the former problem and suppose that one needs to estimate an unknown parameter λ that enters the spin Hamiltonian of a given nanomagnet. Suppose that one can probe the system ground state by measuring some observable A and then infer the value of λ by suitably processing the outcome of the measurement. There are some fundamental limitations to the precision that can be achieved by means of this procedure, arising from the quantum nature of the system in question, and more specifically from the uncertainty principle. The Fisher Information (FI) and the Quantum Fisher Information (QFI) account for these limitations and give the highest achievable precision in the estimation of λ, respectively, in the cases where a given or an arbitrary observable are available. These theoretical tools thus allow one to quantitatively answer questions such as: how suited is a given observable to the estimation of a physical parameter? What would the optimal observable be? Interestingly, the QFI can also be used to the detect and quantify the macroscopicity of a quantum state. Here we refer in particular to Schrödinger cat states and to the possibility of generating such states in molecular nanomagnets. This possibility has been discussed in relation to phenomena such as the quantum tunneling of magnetization [10, 11] or of the Néel vector [12] [13] [14] . However, the catness-i.e., the actual macroscopicity of such quantum states-has always been related to quantities such as the size of the molecule (quantified by the number of spins in the cluster) or the difference between the total spin projections of the linearly superposed states. These characterizations have the advantage of being simple, but turn out to be rather incomplete at a closer inspection. As discussed in the following, the QFI provides a more refined and yet rather intuitive characterization of these nonclassical states.
Results

Fisher Information
The Fisher information F is defined for a given dependence on the parameter λ of the quantum state |ψ λ (or ρ λ , in the case of a mixed state), and for a given observable A. This can always be written in terms of its eigenvalues a i and eigenstates |a i : A = ∑ i a i |a i a i |. The state |ψ λ can be characterized by the statistics related to the observable A(i.e., by the set of probabilities p(a i , λ) = | a i |ψ λ | 2 corresponding to the possible outcomes of the measurement). The FI F(ψ λ , A) quantifies the sensitivity of such statistics to the precise value of λ. Its expression is given by
where ∂ λ ≡ ∂ ∂λ . The higher the FI, the more the set of probabilities p(a i , λ) is sensitive to the value of λ, and the better a measurement of A allows one to infer the value of such parameter. Such an intuitive argument is formalized by the Cramer-Rao inequality. This identifies the highest precision in the estimate of λ that can be achieved after a single measurement of A with 1/F(ψ λ , A):
Here the variance quantifies how much, on average, the estimateλ (obtained by processing the measurement outcome) deviates from the actual value λ of the parameter. The FI (and hence the precision) can be increased by a factor M by repeating M times the measurement of the observable A.
The unknown parameter λ can in principle coincide with any physical parameter that affects the system's state. For example, in the case of a thermal state,
one can identify λ with the temperature T and estimate it by measuring A. It is interesting to note that if A corresponds to the Hamiltonian H, then the FI coincides with the specific heat up to a temperature-dependent prefactor:
The specific heat can thus be interpreted as the FI of the system Hamiltonian and gives the precision of the system as a thermometer, provided that the measurement of H is available.
Quantum Fisher Information
Precision in the Estimation of a Physical Parameter
The highest precision in the etimation of the unknown parameter can be achieved by properly choosing the observable-i.e., by taking the observable whose statistics are is maximally sensitive to a small variation in λ. Such optimal precision is given by the quantum Fisher information H, which can thus be regarded as an intrinsic property of a parameter-dependent quantum state |ψ λ . In fact, H(ψ λ ) quantifies the distance between two states |ψ λ and |ψ λ+dλ , characterized by infinitesimally different values of the unknown parameter. As can be intuitively understood, the larger such a distance is, the better one can estimate λ by measuring a suitable observable of the system in question. The relation between the precision in the parameter estimation and the QFI is formalized by the quantum Cramer-Rao inequality:
The QFI thus represents an upper bound for the classical FI:
, for any observable A. The QFI of a generic parameter-dependent state |ψ λ is given by the expression
A potentially interesting case is that where |ψ λ represents the ground state of an Hamiltonian H(λ), which depends on the unknown parameter λ. This can coincide with an internal parameter, such as a coupling constant between two spins of a cluster, which one might want to determine in order to characterize the system. Otherwise, λ might be an external quantity, such as the magnetic field experienced by the spins, which one might want to estimate by using a known quantum system as a probe.
As a representative example, we consider hereafter the case of the Fe 4 molecule [15] . The ground state of such a nanomagnet is characterized by a ferrimagnetic ordering of the N = 4 spins s = 5/2, where the central spin s 1 is oriented antiparallel to the three external spins. Within the ground S = 5 multiplet, the level structure is essentially determined by the interplay between the axial anisotropy and the Zeeman term. For the sake of the following discussion, we can consider a simplified spin Hamiltonian in the giant-spin approximation, given by
The ground state |ψ λ of the above Hamiltonian carries a dependence on the modulus of the applied field, which can be exploited in order to estimate λ = B through the measurement of a suitable observable. If the observable is optimal, the highest precision in the estimation of the field is given by the QFI of |ψ λ . The QFI of the ground state |ψ B is reported in Figure 1 as a function of the field intensity B and of its orientation θ, relative to the molecule easy axis (z). We note that, on average, the dependence of the ground state on B (and thus H(ψ B )) increases with the angle θ. In addition, a clear peak emerges for θ π/2 and B 2.5 T, in correspondence with an avoided level crossing between the ground and an excited state. This is thus the range of magnetic field values and orientations where the Fe 4 molecule represents a more sensitive probe of the magnetic field.
More generally, the QFI can be used to devise the observable which is most suited for estimation of a given unknown parameter λ, which can coincide with the coupling constant, an external field, or the temperature, to mention just a few possibilities. It also allows one to determine to what extent the parameter dependence of the system state is reflected in the reduced state of a given subsystem, such as a bunch of spins within a large spin cluster. In this case, one can define a reduced QFI, which quantifies the suitability for estimating the parameter λ of measurements performed locally within the subsystem [16] . 
Quantifying the Size of Schrödinger Cat States
A Schrödinger cat state is given by the linear superposition of two diametrically opposed conditions of a physical system, such as a cat being alive and dead. While the two states are classical-like, their coexistence in the linear superpositions leads to highly nonclassical (i.e., quantum) features, as the paradoxical example of the dead and alive cat illustrates. These quantum features can be captured and quantified (amongst other means [17] [18] [19] [20] [21] ) by the QFI, associated with a specific dependence of a quantum state on the parameter λ, namely |ψ λ = e −iλX |ψ 0 . One can show that the QFI of the above state simply coincides-up to a prefactor 4-with the variance of the operator X in |ψ λ (or, equivalently, in |ψ 0 ):
This expression of the QFI can be used to quantify the size of a Schrödinger cat state
by setting |ψ λ = |ψ SC and maximizing H X over the one-body operators X: H(ψ λ ) = max X H X (ψ λ ).
is a sum of single-spin components along directions specified by the versorsẑ i . The optimal operator X corresponds to the N versorsẑ i that maximize H X for the quantum state in question. It can be shown that, for a cluster formed by N spins s i , the theoretical maximum of H is given by 4(∑ N i=1 s i ) 2 . Therefore, the more H(ψ SC ) approaches such a theoretical maximum, the more |ψ SC can be regarded as a good example of a Schrödinger cat state for that particular spin cluster. The idea underlying the use of the QFI in this context is that these highly nonclassical states can evolve very rapidly under the effect of a one-body operator [22] . As discussed in the following, such use can also be understood differently in the case of a spin cluster. In fact, the clearest example of a Schrödinger cat state in a cluster of N spins of length s is given by the linear superposition of the two states that are maximally polarized along a given direction; for example, z:
where the quantum numbers specify the projection along the quantization axis of the single-spin operators s i . The state |ψ SC1 maximizes the quantum fluctuations of the operator S z , with Var(S z ) = (Ns) 2 . The total spin projection instead represents a well-defined quantity in each of the two components |ψ 1 and |ψ 2 of the linear superposition. This can be clearly generalized to the non-collinear case,
where the z axes are now defined locally and can in principle point in different directions. Just like |ψ SC1 , the state |ψ SC2 matches the definition of a Schrödinger cat state, which can be identified with a linear superposition of two classical-like and macroscopically distinguishable states. The components of the above linear superposition are classical-like (for they are given by the product of single-spin coherent states) and are macroscopically distinguishable (for they correspond to the largest and opposite eigenvalues of a non-collinear magnetization). The state |ψ SC2 maximizes the fluctuations of the operator
It is thus intuitive that one can use the variance of some non-collinear magnetization X as a measure of the state catness, where the versorsẑ i (and thus, X) are determined by maximizing the variance of X for the state in question. The QFI H thus represents a general theoretical tool which allows one to compare the size of different cat-like quantum states prepared in a given molecular nanomagnet (see below), and also in different molecules [23] .
We consider hereafter linear superpositions between pairs of eigenstates belonging to the ground S = 5 multiplet of the Fe 4 molecule. One can show that-in the case of linear superpositions between any two states with |∆M| > 2-the optimal operator X is given by the difference between the spin projections of the two sublattices: X = s 1,z − ∑ 4 i=2 s i,z . In Figure 2 , we report the values of the QFI for such linear superpositions (Equation 9) as a function of the total spin projections M 1 and M 2 of the states |ψ 1 and |ψ 2 . From the plot it emerges that the catness of |ψ SC essentially depends on |M 1 − M 2 | and is an increasing function of that quantity. In particular, for M 1 = −M 2 = ±5, one obtains values of the QFI of the same order of the theoretical maximum, which in this case is 400. We also note that, for all the considered linear superpositions, the QFI is much larger than the one obtained by simply setting X = S z , being in that case H S z = (M 1 − M 2 ) 2 . This comparison shows how the QFI allows one to go beyond simpler quantities that might be used in order to characterize a Schrödinger cat state in a molecular spin cluster, such as the difference between the total spin projections |M 1 − M 2 |, and also the length of the total spin S, or the number N of spins that form the cluster. In fact, unlike all of these simpler alternatives, the QFI-through the optimization of X-fully takes into account the specific nonclassical features of the spin-cluster states |ψ 1 and |ψ 2 , which can also be encoded in quantum numbers other than S and M.
The application of the QFI to the characterization of states that resemble prototypical cat states (such as |ψ SC2 ) is rather straightforward. Things become less straightforward for more general linear superpositions, where the components |ψ 1 and |ψ 2 exhibit themselves as nonclassical features. In this case, one can obtain high values of the QFI (i.e., a large amount of quantum fluctuations for one-body operators), not only in the linear superposition of two eigenstates, but also in the eigenstates themselves. In order to factor out such contributions, one can normalize the QFI of |ψ SC to that of |ψ 1 and |ψ 2 . This defines the relative Fisher information:
In Figure 3 , we report the values of H r for the same set of states considered in the previous figure. Interestingly, the relative Fisher information corresponds to the ratio between the QFI of the linear superposition between |ψ 1 and |ψ 2 and that of the mixture. Therefore, H r quantifies the loss of nonclassicality which results from a dephasing process, after a linear superposition between two eigenstates has been generated: the larger H r is, the more significant is the reduction of the QFI induced by dephasing. If applied to low-spin molecules with highly-entangled ground states, the calculation of the relative Fisher information leads to the conclusion that linear superpositions of their ground states are in fact rather poor examples of Schrödinger cat states. Broadly speaking, these are systems with highly nonclassical ground states, but the degree of nonclassicality-as quantified by the quantum fluctuations of X-is not significantly enhanced by linearly superimposing the ground states [23] . As a final remark, we would like to mention a possible connection between the QFI of a linear superposition of two eigenstates, |ψ 1 and |ψ 2 , and the transitions |ψ 1 −→ |ψ 2 induced by electron paramagnetic resonance (EPR). This connection stems from the fact that pulsed EPR is one of the most powerful ways to generate these linear superpositions. On the other hand, there seems to be a trade-off between the oscillator strength of a transition and the QFI of the corresponding linear superposition. In fact, linear superpositions generated through dipole-allowed transitions tend to have low values of H r , whereas linear superpositions with large values of H r tend to correspond to forbidden transitions with |M 1 − M 2 | > 1. A good compromise between the amplitude of a transition and the macroscopicity of the quantum state that this allows one to generate can be achieved close to level anticrossings, where the eigenstates exhibit strong fluctuations of the total spin projection [24] .
In conclusion, we have discussed the use of the classical and quantum Fisher information in the context of molecular magnetism. In particular, we have shown that the specific heat can be regarded (up to a prefactor) as the FI of an observable corresponding to the system Hamiltonian. The QFI can be used both in parameter estimation and for quantification of the degree of nonclassicality of a quantum state. Examples of both applications were provided for the Fe 4 molecular nanomagnet. In the former case, one can identify the range of magnetic field intensities and orientations where the molecule can be used as a sensitive probe of the field. In the latter case, an estimate of the catness is provided for all linear superpositions between pairs of eigenstates belonging to the ground multiplet of 
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